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Abstract — Hierarchial radar resource management
uses multi object Markov decision scheduling with a
constraint on the resources. In this paper we give a
detailed description of constrained multi-object Markov
decision scheduling in its general form and the separa-
tion that is achieved in the dynamic programming level
using Lagrange multipliers. We then apply this gen-
eral model to obtain a simultaneous beam and wave-
form scheduling method for radars based on an ob-
jective function that depends on both state and ac-
tion. This method extends on a previous hierarchial
method for beam scheduling with an objective func-
tion defined only on state. We further improve the
objective function based on entropy reduction. This
criterion makes the resource management to be more
flexible in favor of measurements that carry more
information.

Keywords: Markov decision scheduling, hierarchial
control, radar resource management, dynamic program-
ming.

1 Introduction

We are interested fundamentally in the problem of
tracking multiple manoeuvring targets with a radar
system that can apply different illumination, different
waveforms, at each pulse. In this context there are
many papers (see e.g. [1, 2, 3, 4]) have produced greedy
(one-step ahead) optimal scheduling schemes for both
waveforms and beam directions based on various mea-
sures of effectiveness of the tracking process across all of
the targets. Relatively limited attention has been given
to multi-step optimization. This paper undertakes a
theoretical analysis of such a scenario by modeling it
as a Markov Decision Process (MDP). The individual
targets are modeled as independent Markov processes.
The measurement of each of those targets is an action of
the MDP. The allocation of the measurement resources
(and kinds of illumination) across targets with limited
available resources is the prime focus of this work. We

cast this multi-step scheduling into an adaptive control
of multiple Markov chains with a common constraint.

In this paper, we first analyze adaptive control of con-
strained Multi-object Markov Chains. Single Markov
chains with constraint was introduced in [5, 6, 7] and
further analyzed in [8]. Here we extend the model
to Multi-object Markov Chains where M independent
chains evolve based on their corresponding input ac-
tion, but the control of these chains involves a shared
limited resource, hence a common constraint. The
Lagrange method can be used to decouple the
dynamic programming (DP) optimization method of M
chains. This decoupling of DP has been shown previ-
ously [9] for classification of M ”static” objects where N
repeated noisy observations of objects using different
sensor modes are scheduled for the minimization of clas-
sification error. This renders a two-level hierarchial op-
timization method where at the dynamic programming
level the algorithm determines the optimal actions for
each object given the values of Lagrange multipliers.
At the higher level, given the DP solutions, it finds the
values of Lagrange multipliers which enforce the con-
straint to be met. Here we use the same approach to a
make a hierarchial scheduling method for constrained
multi-object Markov chains, where the state of objects
evolve over time.

Radar resource management has been studied exten-
sively with various approaches, see e.g. [10] for a survey.
Progress in approximate dynamic programming tech-
niques has reduced the computational load of multi-
step ahead scheduling and permitted it to be seriously
considered for radar resource management. In [11] a
hierarchial method has been used in conjunction with
DP to solve resource scheduling in a slow-time scale.
The multi-step scheduling is similar to solving the con-
strained multi-object Markov chain where the state of
system for every object (which is either a tracking or
a searching task) is defined based on the accuracy and
continuity of tracks and searches. The action for track-
ing targets is selection of targets, hence only beam



scheduling is considered. The reward attained in ev-
ery time epoch is a quality of service measure defined
only as a function of state. On the other hand, Infor-
mation theoretic approaches have been used within the
framework of dynamic programming for sensor schedul-
ing and resource management, e.g in [12]. An approach
based on an entropy measure, but without DP has been
used in [13], where the beam direction (action) is sched-
uled as optimization of a reward function based on
the expected reduction in entropy for various targets.
Hence the reward is a function of action. However, the
approach is myopic without consideration of future re-
wards.

In this paper we use the general model of constrained
multi-object Markov chains for simultaneous beam and
waveform scheduling, where the reward function is con-
sidered as a function of both state (accuracy-continuity
criteria) and action (due to different reductions in en-
tropy for each action). In our approach both entropy
and accuracy-continuity measures are used for schedul-
ing. Hence besides considering the quality of service
measure used in [11], the objective function also con-
siders efficiency of measurements and favors updating
targets and using waveforms for which more reduction
in uncertainty as a result of measurement is expected.

2 Constrained Multi-object
Markov Decision Scheduling

2.1 Problem formulation

We consider a Markov decision scheduling for M objects
aiming for optimization of the integral of an objective
function over a finite horizon N. For clarity, here we
indicate the object index by a subscript and the time
index by a superscript. The state of each object i, de-
noted by z; can assume S possible values and evolves
according to a transition probability P;(d;) which de-
pends only on the action d; applied to object 7, hence as-
suming the independence of objects behaviors. Denote
the aggregated states and actions as & = [z1, -+ , 2],
and d = [dy,- -+ ,dp], respectively. We define a stan-
dard Markov decision process (MDP) with a transition
probability matrix P(d), having dimension S™ x M
and elements

| I 1,04,T)

As in the case of MDP’s, the aim is to find an optimal
policy p* that maximizes the expectation of a reward
(utility) function U (z,d) = Zf\il U;(x;,d;) over a hori-
zon k = 1,--- N, where U;(+,-) is the object reward
function dependent on the state and the action of each
of the separate processes. A policy defines what action
d* should be taken given the state z* at time k. The

finite horizon reward is denoted as

N-1

J(z%) & E{Z U(z®, d*)|«"}.

k=0

However, in contrast to the standard Markov deci-
sion scheduling problem, object ¢ consumes a resource
lik(zF,d¥) at time k which in general depends on the
state of the object and the action on that object at the
time. The total resources consumed by all objects at
any given time is limited. Without loss of generality,
we assume that the maximum available resource at any
time is (normalized to) one, i.e:

(zF, dF) & lekx d¥) < 1,Vk.

Therefore the Markov decision scheduling requirs op-
timization of J(2") over p with the above constraint.
However, in order to achieve a separation in the prob-
lem as explained in Section 2.2, we need to relax the
constraints to

lk(mo) < 17

v, (1)

where

I (2°) AR C) (2)
Here d**(2*) is the optimal action for #* based on the
optimal policy under the constraint, and the notation

E;*‘IIO means the expectation with respect to z* con-
0

ditioned on z" assuming the optimal policy is used up
to time k — 1, i.e.:

E;k‘wof(a:k) é Ezl‘mo’dw(m()){...

Ezk—l|xk—2’d*k—2(zk—2){Emklmk—l1d*k—1(zk—1)f($k)}...}

(3)

Note lo(z%) = ly(zo, d**(2°)), hence for k = 0, the con-
straint (1) is deterministic, but for k£ > 0 it is a con-
straint on the average over all possible sample paths in
an optimal closed loop control.

Without the constraint, because of the local action
of the d; on the x; the problem was that of scheduling
M separate Markov decision processes. But with the
constraint the problem requires allocation of a fixed re-
source across each of the separate processes., i.e: action
d; needs to be chosen with the consideration of other
actions. Hence, the problem is large-scale over the vec-
tor values x and d. We note that the dimension of
state Markov process (hence the size of Matrix P(d))
grows exponentially with number of objects M, hence
the large-scale problem is computationally infeasible to
solve for large S and M. In the next section we show an
approach for breaking the problem into a set of small-
scale problems.



2.2 Solution by decomposition using
Lagrange multipliers

Instead of the above MDP for finding an optimal policy
we solve the following optimization problem over d°

max J (2°) (4)

with the set of constraints (1). This is a simpler version
of the problem which only finds the optimal action in
the start for a given initial state z°, but by solving it
for every z° we obtain an optimal policy pg, or in turn
a stationary policy p*. If there was no constraint, then
the problem (4) could be written as

H(lj%X{U(CUO,dO) + B g0 g0 J7 (z1)}, (5)

where Jj(z') represents the optimal value-to go (op-
timal expected reward that can be obtained starting
from z!). This in turn relates to a sequence of optimal
future value-to-go functions, i.e:

Jg(xk) = rr(li%x{U(xk, dk) + Btk gk J,:H(xkﬂ)}.

(6)

In fact the optimal objective function in (4) with no
constraint is equal to J§(z°). Note that in the nested
optimizations J;(z¥), z* is not an optimization vari-
able, but it can be considered as a given parameter.

Using Lagrange relaxation, we include the constraints
in the optimization (4) as

N-1
L JE0)+ DDA = T(2%)
k=0

max
dO X0, AN
This optimization can be written as

;I()la),\X{U(l‘ ,d%) + A0 (1 = o(2,d%))

+E11\a:0,d0 (Ijlllas\)le(IladlvAl)}v (7)
where

Li(z', d A = Uzt dY) + A1 — 1y (2, dY))

+Ea:2|a:1,d1 gzla/\)g L2($2,d2,A2), (8)
and sequentially,
Lk(xk dk )\k) =

Eklkk max
+ z d{k+1 ARFL

Uz, d*) + N (1 — 1 (2F, d7))
Lk+1(xk+17dk+1,)\k+l)}. (9)

Therefore, Ly (z¥,d* \*) at the optimal d¥, \* repre-
sents the optimal value-to-go for any given z* taking
into account the resource constraint. We denote this
optimal value-to-go with constraint by J;(z*). At the
last stage N, Ly(2V) = U(zV) = Z?il U;(zN); there
is no action at time N. Note that the optimal A\* and

d* depends on z*

optimal \* and d* by \**(z*
can write Ly(z, d* \F) as
U(z*,d¥) + N5 (1 = 1 (¥, d))
Ic+17dk+17 )\*k+1(l‘k+1)}.

as a given parameter. Denoting the
), d*k(x*), respectively, we

Li(zk, d% \F) =
+ Eghr|gh gk {gg}f Lyt (x
(10)

Here A is the Lagrange multiplier at time % (as one of
the optimization variables in the nested optimizations),
but A\*¥(x*) is the Lagrange multiplier such that the
resource constraint is fulfilled with equality at optimum
d**(x%). Also, as was remarked earlier

Ji(2%) = Li(2%, d**(a®), \** (2%)).
The trick for decomposition of the problem into sep-
arate ones here is to replace )\*k( *)in (10) for various
k by an estimate A = [A?,--- | AN=1] which we assume

that we have obtained buch that (1) is satisfied with
equality, i.e.:
{le(a®, d* ()} = 1. (11)

Proposition 1 Given a fized vector 5\, the lagrangian

:vk\zo

Li(xF, d* \F) is sepamble as
~ ~ N_l ~
Ly (2", dF, X\ ZLM (@h,df, )+ YA (12)
n=~k
where
Lip(zk db N) = Ui(zh, db) — Nel; g (aF, d¥)

+ E, k1| gh dk{HlaXLZ k+1( k+1 korl 5\)} (13)
Proof 1 Equation (12) is true for k = N by assigning
Li n(a) = Ui(2). Assuming

M
Liga (@F T d 0 =3 Lo (a1 df M)+

N—-1
>

n=k+1
(14)
we have from (10),
~ J\/I ~
Li(a®,d*, ) = ) _(Us(af,df) = Ml i (af, df)) + AF
i=1
M

~ N1 ~
)}+ Z A"
n=k+1
(15)

But because of the local influence of d; only on L; we
can interchange the sum and max operations

+FE, k1| gk, dk{max E LZ k:+1 k+1 korl

M

Lk(xkadkvj‘) = Z(U (Izadf)

i=1

Mol (2 dbY)

[ Rt

M
+FE ke |k dk{z maXLz }g+1( k1 dk+1

~ Nl ~
)}+Z NG
n=k

(16)



This reads again as

M
Lk(xkydkv;\) = Z(U (l‘l,df) j‘kli,k(‘rwdf)
=1

+E k+1|ghk dk{maXLZ k+1( k+1 dk+1 A)

N-1
M+ DA
n=k
(17)
which proves (12) for any k.

Now Proposition 1 shows that solving the value func-
tion J*(x*) is separable into M optimizations,

J*(zF) = rr(liaka(xk,dk75\k)

= Z)\ +maxZsz ak db N

—1 M
= 7kxn+§%%xm(x JdF N (18)

The third equality is because L; , only contains d; com-
ponent of d. This significantly simplifies the computa-
tion of optimal d° = [dY,--- ,dY,] for a given 20, i.e:
solving for .J*(z°) which is the objective of (4) with
constraints. However the price is that we need extra
recursive computation for updating estimates of A. Us-
ing a first order approximation for (23), we can update
the estimate of A* to ¥ by

A= \E L ANF (19)

where AN is chosen such that

Le(20) + mk& JAd = 1,

for every k. Here I, (and 01}, /O)) need to be calculated
(estimated) from (2) using the optimal d** obtained
from the solution of .J*(z*). We then solve for J*(z*)
using the new estimate )\u, and repeat the two opera-
tions until satisfactory convergence is observed.

With the above alternative update of A and d*, the
original problem is decoupled hierarchically into two
levels as explained before. In the dynamic programming
level a separation into the large-scale control problem
is achieved, where given the value of Lagrange multi-
pliers, each component is optimized locally as a small
scale problem. However, the components are coordi-
nated globally via the constraint and the component
competition for the resources. Here we discuss a simple
application of the constraint MDP model for which this
solution approach can be used. This example helps in
understanding the radar resource management problem
in Section 3.

2.3 Example: Application to multi-
project time management

As an example we apply the above model to find the
optimal percentage of time one should spend on each
project from a list of M projects in a period of time, say
every week, given the status of projects at the start of
the period. Suppose the performance status for project
i is indicated by a number x; € {1,---,S}. Status 1
means the project is running very well while S indi-
cates the worst performance progress. Based on prior-
ities and importance of projects, one assigns a reward
function U;(x;) to each project, and the instantaneous
reward (achieved in one week) is U(x) = >, Ui(z;),
where z = [21, -+ ,2;]. The aim of scheduling is to find
what percentage of time d; should be spend on each
project i, aggregated in d = [dy,da, -+ ,ds], such that
the reward over a horizon of N weeks be maximized,
i.e. find the optimal d° that solves

N-1
E n
max {nz::o Uz

where zF (2 at week k) evolves as a Markov process
with a transition probabilities depending on what time
percentage d¥ is spent at week k. The above optimiza-
tion problem is constrained to

d") £ " df <1,Vk

This constraint is because the total percentage of time
spent over all projects in a week cannot be greater than
one.

With the above description, the project management
is a constrained multi-object Markov decision schedul-
ing, where the resource consumed by every object is
simply the percentage of time allocated to that project,
ie.

(20)

Li (2, d¥) = df

i Y

For the above problem the dynamics governing the
change of status of the projects in one week based on the
time spent on the project needs to be defined through
a transition probability matrix. Assuming the project
dynamics are independent, the transition probabilities

can be defined for each project ¢ separately. For ex-
ample, the transition probability P;(z¥1|z¥) can be

defined parametricaly as
a;i(df) @yt =k

Pi(af M af) = S bi(dF) Tt =ak 4
ci(dk) f"'l = xf — 1.

8

where a;(d¥) + b;(d¥) + ¢;(d¥) =1 when 1 < z; < S,
and for z; = 1 and z; = S, in addition ¢;(d¥) = 0 and
bi(d¥) = 0, respectively.

To solve this problem based on the method in Section
2.2, we need to relax the constraint (20) to (1). So



given the status of each project at the start of week,
aggregated in 2, one can solve problem (4) to find the
best percentage of time that should be spent on each
project at that week, i.e. optimal d°.

3 Application to Radar resource
management

In similar vein to the above project management prob-
lem, here we use the constrained multi-object Markov
chains for radar resource scheduling. A similar ap-
proach has been used in [11] for this scheduling by con-
sidering two time-scales. The scheduling needs to be
done periodically with a slow time scale period of A,
say A = lsec. The fast time scale is used for managing
the operation of tasks scheduled in the slow time-scale.
In the slow-time scale scheduling, instead of projects
in the above example, there are large number of tasks
that need to be prioritized and scheduled. Tasks are of
tracking or searching type. A tracking task is an opera-
tion that update a target position and a searching task
is an operation that search a sector of space for new
targets. Two different state variables for each target ¢
is defined. The kinematic state ; is the actual position
and velocity of target. But of primary importance is
x;, the state of the task dealing with target i, including
the accuracy and continuity of tracking the target.

Here we assume that the scheduling outcome for each
period is a set of numbers d¥ € {0,1,---, D}, where
d¥ # 0 means that the task i to be performed with
measurement (waveform or illumination) index d¥, oth-
erwise d¥ = 0. The binary case D = 1 corresponds to
beam only scheduling (the problem dealt with in [11]).
The resource that is consumed by each task is time.
We assume that each task ¢ takes a deterministic time
T;(x;). The normalized time (with respect to A) that
is consumed on task ¢ is therefore

bk df) = £ BET()

where B(d) is one for d > 0, otherwise it is zero.
Given the set of decisions d* = [d},--- ,d%,] in a pe-
riod k& about which tasks to be performed, the total
fraction of slow time scale taken to perform all tasks is
l(z%,d*) = 3", li k(x¥, d¥) which needs to be no greater
than one. The radar resource management is therefore
a Multi-object Markov Decision Scheduling with the set
of constraints I3 (z*,d*) < 1,Vk. However, in order to
use the method in Section 2.2, we need to relax the

constraint to (1)1

n contrast to our setup, in [11] the time required by task,
T;(z;) is a random variable, and therefore the normalized time
that may be taken by task i is on average li,k(xf,d;“) =
1/(A)dFE{T;(z¥)}, for D = 1. The constraint that is enforced
for the scheduling is based on this [i7k(x?, df) (according to [11,
Eq. 13], and the note that the expectation is not over state), yet

l7i7 k(acf, df) appears in their separable Lagrangian. Nevertheless,

The tracking type tasks are Markov processes where
the state of the task z; mainly defines the accuracy of
the tracking. The track accuracy is parameterized by
the time intervals (digitized by number of A times slots)
between the last two track updates.

As is done in [11], we consider the following state
vector for target ¢ at time k,

k _ k k k k )
Ty = (k_km’km_kmfl’wtrackedV:Edropedvxreint?xmim)l

where (k;,); means the time index k that the update
number m is fulfilled for target i, assuming the last
update number is m. All the last four components of
xf are binary, where the first three binary components
identify the track continuity, and the last one identifies
correct association of track with target i. We use a
bracket notation [] to denote the components of x.
The state transition probability matrix for every tar-
get is a sparse matrix. The non-zero components are

defined by the following probabilities,

Prizf™af (1] # K,2f[3] = 1,d} # 0}

1*p¢(d§), (If[l] +1,I§[2],1,0,0,0)
= pi(df)pczw (lvmeleO?O’O)
pi(df)(l_pc@'% (1,1‘?[1],1,0,0, 1)
(21)

where p;(d) is the probability of detecting the i-th tar-
get signal in the operation of updating the target posi-
tion using the waveform index d, and p.; is the proba-
bility of correct association for target ¢. If the target is
detected, k —k,, becomes k,,, — k,,_1 for the state in the
next epoch. But if in spite of the command to update
the target position, df # 0 the target is not detected,
then the time from last update, i.e.: x;[1] increases by
one. Here, K is the maximum time elapse that we
consider with no detection before the track drops. For
z¢[1] = K,

3

Pr{z{ el 1] = K,2}[3] = 1,d} # 0}
_{ 1 —pi(d¥), (0,0,0,1,0,0)

pi(d}),  (1,K,1,0,0,0)
For df = 0 the transition probabilities are the same as
above when replacing pi(df) = 0. We also have
1-— 0,0,0,0,0,0
k+1) .k _ _ Pd,search ( , Uy, Uy Uy Uy )
Priz e =03 = { Pasearcn. (0,0,1,0,0,0)

1- Pd,search

Pr{x§+1|$§ [4] - 1} - { Pd,search (

where pg search is the search scan detection probabil-
ity given waveform index d, otherwise it is zero. For

an expression similar to I(xg) in (2) is used for the update of A
in (19) (see [11, Eq.s 20, 25]).



the relation of pi(df)mmpd’search with the system and
target characteristics refer to [11].

Next we define the reward function for the simultane-
ous beam and waveform scheduling. This is a function
of both state and action. The utility function defined
in [11] is a special cased of this reward function for the
beam only scheduling, where the reward function re-
duces to a function of state only. We then improve the
reward function to include the information efficiency of
measurements based on entropy function. Having de-
fined the reward functions U;(z¥,d¥),i = 1,--- | M as

177

a combined criteria, the objective is to solve

N—-1
max B{Y_ U(a",d")|z°},

n=0

under the constraint (1). At the start of each period,
given the state of tasks z¥ the optimal solution d” iden-
tifies which targets need to be looked at in that period
using what waveform indices.

3.1 Reward function for simultaneous
beam and waveform scheduling

Assume the following linear Gaussian model for the
state & and observation y; of the ith target holds.

§i(t+T) = F(T)&(t) +wi(T)

yi(t) = H;(d5)&(t) + vi(dl),

where w; and wv; are the zero mean Gaussian
state and measurement noises with covariance matrices
Qi(T), R;(d), respectively. Note here the measurement
from the target (both the linear map component and
the noise covariance) depends on the waveform index

d; selected at time t.

(22)

Given the error covariance matrix at update time
m— km k k:
kpm_1, denoted by P 1l !, we can obtain P |

at update time k£ using two consecutive steps of the

Kalman filter. This will be based on the time intervals

Si1 = (k—km)A, 80 = (km — km—1)A and action d¥

for target ¢, using the approximation that two consec-

utive applied waveforms characteristics do not change

significantly and they have almost the same effect on
measurement.

Pt = P @) PP F(0,)T + Qul0i2)

P~ (1 - K H,y (dk))Pk el
(I Kl,m—lH (df:))
F K Ri(d) K],
P = (8 PE T F(6,0)T + Qu(6i1)
(23)
Here K ,, is the Kalman gain at update time n. There-

. Eon—1 [k — .
fore knowing P, k=1 fom past observations, we

klkm

can obtain P, matrix as a deterministic function of

zi[1] = §;1 /A, 2:[2] = 8;2/A and d¥. The scalar error
variance is then defined as

ok = H(d)) P ()T

which is a deterministic function of z¥[1], x¥[2], d¥. For

a given state z; calculation of 0¥ requires a parameter
1|k - .
P 1[fom ', which is considered based on an average

update rate for target ¢ in the recent past.

We define the reward function as an extension of the
one used in [11] by
- Creinitxr]; [5] - C’mimxiC [6]7

(24)

where « is a nominal utility measure for tracking which
may also correspond to user priority, Q.. is a decreas-
ing function with a range [0,1], and Ceinir and Chpin
are the cost for a track reinitiation and mix. In con-
trast to the utility function in [11], here o; requires both
state and the waveform index d¥.

U (5'5Z y df) = Olcvgacc(O'i)a';i'C [3]

3.2 Improving the reward function in
favor of uncertainty reduction

The covariance Piklk’” in (23) is the predicted covari-
ance for time k given the history of measurements from
target ¢ without any measurement at time k. If we get
a measurement at time k from this target, i.e. choose
d¥ # 0 and be able to detect the target, then the mea-
surement will change the covariance of state estimate
to P, Mk that can be obtained from the second equation

in (23). The determinant of Pik‘km represent the uncer-
tainty about the target at time k without measurement
and the determinant of Piklk represents expected uncer-
tainty with the measurement at time k& which depends
on the applied waveform index d¥. The accuracy of sys-
tem as a whole considering all targets will be further
improved in the radar resource management if we favor
choosing the targets for update that makes more reduc-
tion in the uncertainty as a result of next measurement.
Here we modify the utility function (24) to include this
uncertainty reduction. The utility function (24) has
only parameterized Piklk’", the uncertainty that we are
in at time &, but not how efficient a measurements from
target ¢ will be at this time.

Here we assume that the kinematic state of the tar-
gets has azimuthal and elevation coordinates that for i-
th target we denote by ¢;,r;, respectively, Also let the
predicted variance for azimuth and elevation estima-
tion at time k be 0,4 (k|km,), 0i,r(k|ky, ). For the special
case when the target azimuth and elevation coordinates
are independent, the Kalman filter equations decouple,
and each coordinate can be updated and predicted sep-
| = g (kl o )i (| ).
Ui¢(k|k‘m), Ui,r(k|km)

updated variances

arately. In this case, |P;
The predicted
can be obtained

variances
from the



0i,¢(kmlkm), 0i,¢(km|km) based on the target
namics using the following equations [13],

012,¢(k|km) = 012’¢(km|/€m) + 2@;@(57;’1 + my@il

Uir(k‘km) = Uir(kmmm) + 242‘,7"51',,1 + 771;,1“67?,1

where (; », (i,r are the position/velocity covariances for
the ¢; and r; variables and 7; 4,7;, are the velocity
variances. (d;1 was defined in (23)). For a given state
zi (note 6,1 = Awz[l]), o7 ,(k|k;) can be calculated
based on the parameter a,ﬁ s(km|kp) which (similar to

calculation of Pik‘km) is considered based on an average
update rate for target .

We consider entropy as the measure of uncertainty.
Because of the Gaussian assumption on the dynamical
process noise, the entropy of the kinematic state of the
i-th target at time k& without measurement is, [14]

hi(k) = 1/21og(4x2e2| PFFm))

=log 2me + 1/2(log 0,4 (k| k.,) + log 0 (K| i)
(25)

Here, we use the symbol o; as a generic symbol for
both o; 4,0, to avoid repeating similar equations re-
sulting from the decoupled Kalman filter. If we choose
the action d¥ # 0 to get an update for i-th target, and
this target is detected, then the Kalman filter with mea-
surement update gives a new estimate with covariance
o;(k|k) satisfying [13]

1 1 1

2KR) X (k) 22(dF)

where 7(+) is the variance of the measurement noise,
obtained from R;(-), and both are functions of the
waveform used for the measurement. The proba-
bility of detecting the target however is equal to
Pr{target detected || target in the beam}Pr{target in
the beam}=Pp Pp where Pp = (Ppa)"/=5NE) for a
swerling type I fluctuating target and Pp can be es-
timated by integrating the target probability distribu-
tion over the 3dB pencil beam [13]. With probability
(1 — PpPp) the target is not detected and with no ob-
servation, there will be no update, hence, o;(klk) =
0i(klkm). As a result, the expected entropy assuming
dF #0is

hi(k) = log 2me + 1/2E(log 04 (k|k) + log o (k|k)).
Therefore,
hi(k) = log 2me + 1/4Pp Pp x
1 1 1 1
(— log( += )—log(
0227¢(]€|km) Uz¢(df) 02 (klkm ) a2, (dF)

'
+1/2(1 — PpPg)(log 0y (k|ky) + log oiy (K|ky))-
(26)

)

Comparing (26) with the entropy in the absence of mea-
surement (25), we see that the expected reduction in
entropy as a result of action df # 0 is

Hp i

—1/4Pp Py
a; (d’-“)
(/f\k )

X (log +log —
a;

7o)

(27)

This reduction in entropy (positive quantity) can be
considered as a reward for action df # 0.

By considering the reward Ha ; in the utility func-
tion, the scheduling also becomes in favor of select-
ing the targets that have the largest predicted covari-
ances (07 (k|ky,))and the largest probabilities of being
detected (PpPg), and at the same time trying to reduce
the measurement error (52(d¥)) by selecting a suitable
waveform for that target state. This very much con-
forms with a natural target and waveform selection cri-
teria. In effect, the factor Ha ; encourages the actions
that reduces the uncertainty in the target estimation.
Consequently, the following utility function for radar
resource scheduling encapsulates all criteria for track
accuracy, continuity, and resource efficiency,

Ui (xl,df) = aQacc(04); [ |+ BHa,: B (d )

- C’reinitm? [5] - me:xf: [6]a (28)

where ( is a nominal factor for prioritizing the uncer-

tainty factor, also depends on the unit of entropy. Note
Ha; is a function of both state z; and action d;.

4 Conclusion

In this paper we established the mathematical model for
the constrained multi-object Markov decision schedul-
ing as an extension of single ones. The large scale dy-
namic programming required for the multiple Markov
chains competing for a limited resource turns to mul-
tiple small-scale optimization using Lagrange method.
This mathematical model and its solution methodology
can be used for any multi-task (multi-project) schedul-
ing considering time as the available resource. A vari-
ation of this model has already been used in radar re-
source management for beam scheduling where the ob-
jective function is only a function of state of tasks. Here
we used this model for simultaneous beam and wave-
form scheduling. In this application in accordance with
the general model of constrained multi-object Markov
chains the objective function is a function of both state
and action. We further improved the scheduling cri-
terion based on an entropy measure. The use of en-
tropy criterion introduced a weighted term in the ob-
jective function in favor of measurements that are more
likely to reduce uncertainty in the whole set of targets.
The added term encourages actions (targets to be se-
lected and the the waveform to be used) based on cri-
terion that conforms well with intuition, i.e.: targets



to be selected that have the largest estimation covari-
ances and most likely to be detected, and the waveforms
that have the smallest measurement error under current
conditions.
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